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In this paper we study ad-nilpotent ideals of a complex simple
Lie algebra g and their connections with aﬃne Weyl groups and
nilpotent orbits. We deﬁne a left equivalence relation for ad-
nilpotent ideals based on their normalizer and generators, and
prove that the equivalence relation corresponds to Lusztig’s star
operation for simply laced algebraic group G .
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a quasi-simple Lie group over C and g be its Lie algebra. Let B be a Borel subgroup of G
and b be the Lie algebra of B with nilradical n.
A subspace of n is called an ad-nilpotent ideal if it is invariant under the adjoint action of B . It is
also called a B-stable ideal since it’s stable under the adjoint action of the Borel subgroup B .
The connection between ad-nilpotent ideals and aﬃne Weyl groups was studied by Cellini and
Papi [3,4], Panyushev [11,12], Sommers [16], Shi [13,14], etc. Cellini and Papi gave a bijection between
the set of ad-nilpotent ideals and certain dominant elements of the aﬃne Weyl group Ŵ . Shi showed
in [14] that there is a natural bijection between the set of ad-nilpotent ideals Ad and the dominant
sign types.
On the set of ad-nilpotent ideals Ad, there exists some equivalence relation. Via restriction of the
moment map on the cotangent bundle, there exists a map from the set of ad-nilpotent ideals to the
set of nilpotent orbits. The works of Kawanaka [6], Mizuno [8], Sommers [17] and Lawton [9] studied
the connection of ad-nilpotent ideals and nilpotent orbits. It’s an effective tool to analyze the structure
theory of exceptional groups over ﬁnite ﬁeld. In addition, ad-nilpotent ideals are also used to study
some group cohomology and its corresponding representation theory.
In [8] Mizuno deﬁned that two ideals are equivalent if and only if they have the same associated
nilpotent orbit. In [17], Sommers introduced a “basic move” ∼L between two ideals based on the
generators and normalizers. We deﬁne a new equivalence relation ≈ on Ad as the transitive closure
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nilpotent orbit.
The left, right and two-sided cells of aﬃne Weyl groups were introduced by Kazhdan and
Lusztig [7] to study the representations of the corresponding Hecke algebra and Kazhdan–Lusztig
polynomials. Two elements in the same left cell are left equivalent. In the study of the cell structures,
the star operation on Ŵ deﬁned by Lusztig plays important roles. The star operation induces a PL-
equivalence relation on Ŵ and PL-equivalence implies left equivalence. We denote by ∼L and ∼PL
for the left equivalence and PL-equivalence respectively.
To any dominant element w in the aﬃne Weyl group, we can associate an ad-nilpotent ideal Iw .
The main purpose of this paper is to study the equivalence relations on the aﬃne Weyl groups and
on the ideals. Our result shows that when G is a simply-laced algebraic group, for two consecutive
ad-nilpotent ideals I ∼L J , there exist two dominant elements of Ŵ corresponding to these two ideals
respectively and they are PL equivalent. In particular, if G is of type A, any two dominant elements
of Ŵ lie in the same left cell if their corresponding ideals are equivalent. On the other hand, if two
elements of Ŵ are PL-equivalent, one of which is dominant, then the other one is also dominant and
their associated ideals are left equivalent.
Namely, let G be a simply laced algebraic group. The main theorems in this paper are (see Theo-
rems 4.3, 4.4 and 4.5):
1. Suppose I1 and I2 are two ideals and I1 ∼L I2, then there exist two dominant elements w1 and
w2, such that Iw1 = I1, Iw2 = I2 and w1 ∼PL w2. If G is of type A, then w1 ∼L w2 for any two
dominant elements w1, w2 such that Iw1 ≈ Iw2 .
2. Suppose that w1 is dominant and w1 ∼PL w2. Then w2 is also dominant and the corresponding
ideals of w1 and w2 are left equivalent, i.e. Iw1 ≈ Iw2 .
The paper is organized as follows. We introduce the basic notations in Section 2 and discuss the
known results about aﬃne Weyl groups, the generator and normalizer of ad-nilpotent ideals. In Sec-
tion 3, we discuss the moment maps and the left equivalence relation on ad-nilpotent ideals. In
Section 4, we introduce star operations and prove our main theorem.
I would like to express my deep gratitude to my advisor David Vogan for his guidance and many
useful suggestions. I would like to thank George Lusztig for his enjoyable lectures and Eric Sommers
for pointing me the results of Shi and Lawton. I would like to thank Paolo Papi for reading earlier
version of the paper and the suggestions to generalize the theorems to the simply laced case.
2. Notations and preliminaries
Let N be the set of nonnegative integers and N+ be the set of positive integers.
Let h be a Cartan subalgebra of (g,b). We denote by  the reduced root system associated to
(g,h). For each root α, let gα be the corresponding root space in g. The Borel subalgebra b gives rise
to a positive root system + inside  and b = h ⊕⊕α∈+ gα . Let W be the Weyl group of g.
Let Π = {α1,α2,α3, . . . ,αn} be the set of simple roots of . Then Q = ⊕ni=1 Zαi is the root
lattice. We set V =⊕ni=1 Rαi = h∗R . The Killing form on g induces a W -invariant positive deﬁnite and
symmetric bilinear form on V , which is denoted by ( , ). For each root α, α∨ = 2α
(α,α) is the coroot
for α and Q ∨ =⊕pi=1 Zα∨i is the coroot lattice.
Now we recall the deﬁnition of aﬃne Weyl groups based on Kac’s book [5].
Let V̂ = V ⊕ Rδ ⊕ Rλ. We extend the bilinear form on V to the bigger space V̂ by letting (δ, δ) =
(δ, v) = (λ, v) = (λ,λ) = 0 for any v ∈ V and (δ, λ) = 1. This is a nondegenerate symmetric bilinear
form on V̂ and by abuse of notation, we still denote it by ( , ).
Let ̂ = { + kδ | k ∈ Z} be the set of aﬃne real roots. Let
̂+ = (+ + Nδ)∪ (− + N+δ)
be the set of positive aﬃne roots. We denote by α > 0 when α is a positive aﬃne root and α < 0
when α ∈ ̂ is negative.
Let Π̂ = Π ∪ {−α0 + δ} be the set of aﬃne simple roots, where α0 is the highest root in .
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sα(x) = x− 2(α, x)
(α,α)
α
for any x ∈ V̂ . The aﬃne Weyl group Ŵ is generated by the set of reﬂections {sα}α∈̂ . For sim-




α ∈ V ∣∣ (x,a) > 0, ∀α ∈ Π and (x,α0) < 1},
C = {x ∈ V ∣∣ (x,α) > 0, ∀α ∈ Π}.
We call C0 the fundamental alcove and C the (open) fundamental chamber.
Set
N(w) = {α ∈ ̂+ ∣∣ w(α) ∈ −̂+}.
For each w ∈ Ŵ , let l(w) be the cardinality of N(w). We call l the length function of Ŵ .
Deﬁnition 2.1. We call a subset I of + a (combinatorial) ideal of + if for any α ∈ I , β ∈ + and
α + β ∈ , we have α + β ∈ I .
Lemma 2.2. The map I 
→⊕α∈I gα gives a bijection from the set of ideals of + to the set of ad-nilpotent
ideals of b.
Remark. Unless otherwise stated, we denote the ad-nilpotent ideal that corresponds to the ideal I of
+ by I .
For two ad-nilpotent ideals I1 and I2, the bracket relation is
[I1, I2] = span
{[X, Y ] ∣∣ ∀X ∈ I1 and ∀Y ∈ I2}.
For any ideals I1 and I2 in + , there is a similar a bracket relation:
[I1,I2] = {α + β | α ∈ I1, β ∈ I2 and α + β ∈ }.
Then [I1,I2] is an ideal of + and corresponds to the ad-nilpotent ideal [I1, I2].
Then we can derive inductively a sequence of ideals {I1,I2, . . . ,Ik} from I by letting I1 = I ,




w ∈ Ŵ ∣∣ w(α) 0 for all α ∈ Π}.
Elements that lie in the subset Ŵdom are called dominant. By the deﬁnition of N(w), the following
conditions are equivalent:
(1) w ∈ Ŵ is dominant.
(2) N(w) is a subset of
⋃
k1(kδ − +).
(3) There’s no hyperplane Hα,0 = {x ∈ V | (x,α) = 0} separating C0 from w−1(C0).
(4) w−1(C0) lies in the fundamental chamber of V .
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is an ad-nilpotent ideal. This induces a map from Ŵdom to the set of ad-nilpotent ideals Ad. The ideal
Iw is called the ﬁrst layer ideal of the element w . In fact the map is always surjective, but in general
not injective.
For any ad-nilpotent ideal I , there is a special dominant element that corresponds to I . It was
introduced in [3].
Deﬁnition 2.3. An element w ∈ Ŵ is called minimal if
(1) w(α) 0 for all α ∈ Π .
(2) If α ∈ Π̂ and w−1(α) = kδ + μ, then k−1.
We denote the set of minimal elements by Ŵmin . From part (1) of deﬁnition, it’s obvious that
Ŵmin ⊂ Ŵdom . Moreover, we have the following result on the relation between minimal elements and
ad-nilpotent ideals.
Proposition 2.4. (See [3, Prop. 2.12].) There is a bijection between Ŵmin and Ad. The bijection is constructed
as follows:
(a) For each w ∈ Ŵmin, its corresponding ideal is Iw .






kδ − Ik)⊂ ̂+.
Via the bijection between the set of ad-nilpotent ideals and the set combinatorial ideals, for each
w ∈ Ŵmin , we denote by Iw the combinatorial ideal determined by w . Conversely, the minimal ele-
ment corresponding to I is denoted by wI .
It is obvious that for any positive root α in an ideal I , then w−1I (−α + δ) > 0.
Let I be an ideal of + . We call a root α a generator of I if α ∈ I and for any positive root
β ∈ + , α − β /∈ I . Since there exists a bijection between I and I , α is also called the generator of
the ad-nilpotent ideal I . The set of generators of I (resp. I) is denoted by Γ (I) (resp. Γ (I)).
Sommers gave a description of the set of generators of the ideal I in [16, Cor. 6.3] and Panyushev
showed independently in [11, Thm. 2.2].
Proposition 2.5. If w ∈ Ŵmin, then any positive root α ∈ I is a generator of the ad-nilpotent ideal Iw if and
only if w(α − δ) is an aﬃne simple root in Π̂ .
Let I be an ad-nilpotent ideal. Since b normalize I , the normalizer of I must be a parabolic subal-
gebra containing b. Therefore the normalizer is determined by the simple root Levi subalgebras.
Suppose l(α) is the Levi subalgebra in g corresponding to a simple root α ∈ Π . Namely l(α) =
h ⊕ gα ⊕ g−α . Panyushev showed in [12, Thm. 2.8] that:
Proposition 2.6. If I is an ad-nilpotent ideal of b, then l(α) ⊂ Ng(I) if and only if w I (α) ∈ Π̂ , where Ng(I) is
the normalizer of I in g.
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Let B be the set of all Borel subalgebras in g, T ∗B the cotangent bundle over B and N the
nilpotent cone of g. Following [1, Lem. 1.4.9], if one identiﬁes the Lie algebra g with its dual g∗ via
the Killing form of g, the moment map
m : T ∗(B) −→ N
is equivalent to
m : G ×B n −→ N .
Under this identiﬁcation, for each ad-nilpotent ideal I ⊂ n, G ×B I is a G-equivariant subbundle of
cotangent bundle T ∗B. The image of G ×B I under the moment map is the closure of a nilpotent orbit
in N .
This induces a map p : Ad → N(g) from the set of ad-nilpotent ideals to the set of nilpotent orbits
in g. Here N(g) denotes the set of nilpotent orbits of g. We call the nilpotent orbit obtained in this
way the associated orbit of the ideal.
It is easy to see that the map p is surjective. Indeed, if e ∈ O, by Jacobson Morozov theorem, there
exists an sl2-triple {e,h, f } with h ∈ h. We conjugate the triple with elements of G such that α(h) 0
for positive root a. Then Ih :=⊕i2 gi , where gi = {X ∈ g | [h, X] = i X} is an ad-nilpotent ideal and
O = p(Ih).
Concerning this map p, there are several natural questions to ask:
When two different ideals give rise to the same nilpotent orbit?
Is it possible to describe combinatorially the equivalence relation on minimal elements of the aﬃne
Weyl group corresponding to p(Iw1 ) = p(Iw2 )?
In the special case that the two ideals differ by a single positive root, then the following result
from [8] and [17] that partially answers the ﬁrst question.
Proposition 3.1. Let I be an ad-nilpotent ideal of n. Suppose that I is stable under the adjoint action of l(α)
for some simple root α ∈ Π and β is a generator of I such that sα(β) > β . Let J be the ad-nilpotent ideal such
that I = J ⊕ gβ . Then I and J have the same image under p.
If two ideals I and J satisfy the condition of Proposition 3.1, we denote by I ∼L J or J ∼L I .
Deﬁnition 3.2. Two ad-nilpotent ideals I and J are called left equivalent if either I = J or there exists
a sequence of ideals I1 = I, I2, . . . , Ik = J , such that Ii ∼L Ii+1 for i = 1, . . . ,k−1. We write it as I ≈ J .
If the group G is simply laced, then 〈α∨, β〉 = −1. In this case, Deﬁnition 3.2 satisﬁes the assump-
tion of Prop. 2.2 in [17]. Then not only the associated orbits of I and J are the same, it’s shown in
[17] that the cohomology Hi(G/B, Sn I∗) of the symmetric power of linear dual of I is isomorphic to
Hi(G/B, Sn J∗) for i,n 0. That’s called basic move in [17].
Proposition 3.1 is a suﬃcient condition for two ad-nilpotent ideals to have the same associated
orbit. Since the moment map sends the left-equivalent classes of ideals to the same orbit, one may
ask whether it is a necessary condition to determine whether two ideals have the same associated
orbit. For some cases, we can give an aﬃrmative answer.
Example 3.3. When g is of type G2. Suppose that α1 is the short simple root, and α6 the long simple
root. The other four roots are α2 = α1 +α6, α3 = 2α1 +α6, α4 = 3α1 +α6, α5 = 3α1 + 2α6. There are
eight ideals and ﬁve equivalence classes:
(1) The zero ideal, which corresponds to the zero orbit;
(2) The ideal gα3 ⊕ gα4 ⊕ gα5 , which correspond to the 8-dimensional orbit;
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(4) gα5 ∼L gα5 ⊕ gα4 , which correspond to the minimal orbit;
(5) gα1 ⊕ gα2 ⊕ gα3 ⊕ gα4 ⊕ gα5 ∼L gα2 ⊕ gα3 ⊕ gα4 ⊕ gα5 ⊕ gα6 ∼L gα2 ⊕ gα3 ⊕ gα4 ⊕ gα5 , which
correspond to the subregular orbit.
In this example above, the left equivalence relation on the ideals completely determines the im-
age of the moment map. For classical groups other than type A, Proposition 3.1 is not necessary to
determine the ﬁber of the moment map. The simplest counterexample is in type B3.
Example 3.4. Let g be so(7). Suppose that α1, α2 are the long simple roots of g and α3 is the short
simple root. Let I be the ad-nilpotent ideal with generators α2+α3,α1+α2 and J be the ad-nilpotent
ideal with generators α2 + 2α3 and α1 + α2. Then I = J ⊕ gα2+α3 , and I, J have the same associated
orbit. But no Levi subalgebra of g normalizes I except h. I and J don’t satisfy the condition of Propo-
sition 3.1.
In the next section, we will introduce equivalence relations of aﬃne Weyl groups and discuss its
relation with equivalence relation of ad-nilpotent ideals.
4. Equivalence relations
In this section, G is a simply laced algebraic group. We denote by  the Bruhat order on Ŵ .
For any two elements w,u ∈ Ŵ , we denote by w ∼L u (resp. w ∼R u; or w ∼LR u) if w and u lie
in the same left cell (resp. right cell; or two-sided cell) of Ŵ .
Recall that Proposition 3.1 gives us a criterion to determine when two ad-nilpotent ideals have the
same associated orbits. This criterion is related to the cell structure of aﬃne Weyl groups and sign
types. More precisely, it’s related to the left star operation on Ŵ .
Set
L(w) = {s j ∈ S | s jw < w}.




w ∈ Ŵ ∣∣ L(w) ∩ {s, t} contains only one element}.
If w is in the set DL(s, t), then {tw, sw} ∩ DL(s, t) contains only one element, which is denoted
by ∗w . Then the map that sends w to ∗w deﬁnes an involution on DL(s, t) and is called a left star
operation. This involution depends on the two simple reﬂections s and t . For example, if w lies both
in the sets DL(s1, t1) and DL(s2, t2) for simple reﬂections s1, s2, t1, t2, then the involution ∗ may give
two different ∗w .
The left star operation generates another equivalence relation on Ŵ . The element w is PL equiva-
lent to w ′ if and only if there is a succession of aﬃne Weyl group elements w1 = w,w2, . . . ,wn = w ′
such that each wi lies in some set DL(si, ti) and wi+1 = ∗wi under the left star operation in DL(si, ti).
We denote this equivalence relation by ∼PL .
It is proved in [7] that w and ∗w lie in the same left cell, therefore w ∼PL w ′ implies that w ∼L
w ′ .
Proposition 4.2. If G is of type A and w,w ′ ∈ Ŵdom with Iw = Iw ′ , then w ∼L w ′ .
Proof. We ﬁrst recall Shi’s sign type introduced in [13]. For any positive root α ∈ + , let Hα,k be the
hyperplane deﬁned by Hα,k = {v ∈ V | (v,α) = k}. We denote three regions that are separated by two
hyperplanes Hα,0 and Hα,1 by:
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{
v ∈ V ∣∣ (v,α) > 1},
H˜α,0 =
{
v ∈ V ∣∣ 0 < (v,α) < 1},
H˜α,− =
{
v ∈ V ∣∣ (v,α) < 0}.
The non-empty connected simplex of V −⋃α∈+,k=0,1 Hα,k is called a sign type of V . The special
sign types that lie inside the fundamental chamber C are called dominant sign types. We denote by S
the set of all sign types and Sdom the set of dominant sign types.
For each w ∈ Ŵ , w−1 maps the fundamental alcove C0 to another alcove. Thus w−1(C0) is con-
tained in a unique sign type s. We obtain a map Ŵ → S by sending w to s. It turns out that
dominant elements in Ŵ are mapped to dominant sign types. Namely, when restricted to Ŵdom ,
we have Ŵdom → Sdom .
It is proved by Shi in [15] that the map
I 
→ R I :=
{
x ∈ C ∣∣ (x,α) > 1 if gα ⊂ I and 0 < (x,α) < 1 if gα  I}
gives a bijection from the set Ad of ad-nilpotent ideals in b to Sdom .
Recall that to each dominant element w , one can associate an ad-nilpotent ideal I =
{α ∈ + | w(δ − α) 0}. This is equivalent to say that the hyperplane Hα,1 separates w−1(C0) from
C0 if and only if the positive root α lies in the ideal I . In other words, w−1(C0) lies in the region
H˜α,+ for any positive root α ∈ I and lies in the region H˜α,0 for any positive root α that is not in the
ideal I .





Now if w,w ′ ∈ Ŵdom and Iw = Iw ′ , then w and w ′ are mapped to the same sign type. By
[13, Chap. 18], w and w ′ are in the same left cell. 
Now we come to our main theorems.
Theorem 4.3. Let G be a simply laced group. Suppose I1 and I2 are two ideals and I1 ∼L I2 , then there exist
two dominant elements w1 and w2 , such that Iw1 = I1 , Iw2 = I2 and w1 ∼PL w2 .
Proof. Suppose that I2 ⊂ I1, α is a simple root that normalize I1 and β is a generator of I1, s.t.
I1 = I2 ⊕ gβ and sα(β) > β . Let wI1 be the minimal element in Ŵ that corresponds to I1. Recall
from Proposition 2.6, wI1 maps α to a simple root in Π̂ , which we denote by αi . On the other
hand, since β is a generator of I1, by Proposition 2.5, wI1 (β − δ) = α j for some simple root α j . The
condition that sα(β) > β implies that (α,β) < 0. We denote sαi by si and sα j by s j . Then si, s j are
two simple reﬂections of Ŵ . Since the inner product on V̂ is invariant under Ŵ , (αi,α j) < 0 and
si s j has order 3. The fact that wI1 (α) = αi implies that siw I1 > wI1 and wI1 (β − δ) = α j implies that
s jw I1 < wI1 . Therefore, wI1 is an element that lies in the set DL(si, s j). In this case, we can determine∗wI1 explicitly. Indeed it’s clear that s j(s jw I1 ) = wI1 > s jw I1 and si(s jw I1 ) < s jw I1 because:
(s jw I1)
−1(αi) = w−1s j(αi) = w−1I (αi + α j) = α + β − δ < 0.1
C. Fang / Journal of Algebra 323 (2010) 2016–2025 2023Hence ∗wI1 = s jw I1 . In addition, l(s jw I1 ) < l(wI1 ) and N(wI1 ) = N(s jw I1 ) ∪ (β − δ). Hence N(s jw I1 )
is a subset of
⋃
k1(kδ − +), which implies that s jw I1 is still dominant. We have Is j w I1 ⊕ gβ = I1,
i.e. Is j w I1 = I2. 
Combining Theorem 4.3 with Proposition 4.2, we have the following stronger result for type A.
Theorem 4.4. If G is of type A, then w1 ∼L w2 for any two dominant elements w1 , w2 such that Iw1 ≈ Iw2 .
Theorem 4.5. Suppose that w1 is dominant and w1 ∼PL w2 . Then w2 is also dominant and the corresponding
ideals of w1 and w2 are left equivalent, i.e. Iw1 ≈ Iw2 .
In the rest of this paper, we will prove Theorem 4.5. First we need to prove a lemma that states
a special property for the PL equivalence classes of elements in Ŵdom .
Lemma 4.6. Suppose that w is dominant andα is a simple root in Π̂ . If w−1(α) < 0, then w−1(α) = −kδ+β ,
where k is positive and β is an element of Iw . In particular, if k = 1, then β is a generator of Iw .
Proof. The element w is dominant implies that w−1(α) = −kδ + β , where k  1 and β ∈ + .
Since w(δ − β) = −α − (k − 1)δ < 0, β lies in the ﬁrst layer ideal Iw . If k = 1, for any γ ∈ + ,
w(δ − (β − γ )) = w(δ − β) + w(γ ) = −α + w(γ ). Since w(γ ) is a positive aﬃne root and α is sim-
ple, w(δ − (β − γ )) > 0 and β − γ does not belong to the ideal Iw , which means that β is indeed
a generator of Iw . 
Lemma 4.7. If w ∈ Ŵdom and w lies in the set DL(si, s j) for some simple reﬂections si and s j with si s j si =
s j si s j , then ∗w is also a dominant element.
Proof. Any element u ∈ Ŵ is dominant if and only if N(u) is contained in ⋃k1(kδ −+). There are
two possibilities for ∗w . The ﬁrst case is l( ∗w) = l(w) − 1. Then N( ∗w) is a subset of N(w) and the
fact that w is dominant implies ∗w is also dominant.
The other case is l( ∗w) = l(w) + 1. In this case, by the symmetry of i and j, suppose ∗w = s jw .
Then s jw > w, siw < w and si s jw > s jw . Let ai , a j be the two simple roots of Π̂ that correspond
to si and s j . By the dominance property of w and the fact that siw < w , we have w−1(ai) =
−tδ + β , where t is a positive integer and β ∈ + . Similarly s jw > w means that w−1(α j) > 0,
namely w−1(α j) = kδ + γ , where k 0 and γ ∈ + or k 1 and γ ∈ − .
Case (a): k = 0 and γ ∈ + . From the facts that si s jw > s jw and α j has the same length as αi ,
w−1(αi + α j) = (s jw)−1(αi) > 0. On the other hand, w−1(αi + α j) = β + γ − tδ < 0, which is a con-
tradiction.
Case (b): k > 0 and γ ∈ + . Since w is dominant, w(γ ) is a positive root in ̂+ . Also w ﬁxes kδ.
Therefore, α j = w(kδ + γ ) cannot be a simple root in ̂+ . Contradiction.
The only possible form for w−1(α j) is kδ + γ , where k 1 and γ ∈ − . Notice that N( ∗w) is the
union of N(w) and w−1(α j), then ∗w is again dominant. 
Lemma 4.8. (See [12, Thm. 3.5].) Suppose w ∈ Ŵ is dominant, and let Iw be the corresponding ideal of w. If
there exists a simple root α ∈ Π , such that w(α) ∈ Π̂ , then l(α) normalize Iw .
Proof of Theorem 4.5. The dominance of w2 is shown in Lemma 4.7. By deﬁnition of PL-equivalence
relation, the problem can be reduced to the case when w1 lies in the set DL(si, s j) for some i, j ∈
{0,1, . . . ,n} and w2 = ∗w1. In addition, by the symmetry of w1 and w2, as well as the symmetry
of i and j, we may assume that l( ∗w1) < l(w1) and ∗w1 = siw1. Then siw1 < w1, s jw1 > w1 and
s j si w1 < siw1. This means that w
−1
1 (αi) < 0,w
−1
1 α j > 0, and w
−1
1 (αi + α j) = (siw1)−1(α j) < 0. By
Lemma 4.6, w−11 (αi) = β − kδ, where β is an element of Iw1 , and k 1.
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means kδ − β is the only element that lies in N(w1), but not in N(siwi). Since the deﬁnition of the
corresponding ideals of siw1 and w1 involves only the ﬁrst layer of positive roots in siw1 and w1,
siw1 and w1 have the same ﬁrst layer ideal, i.e. Iw1 = Isi w1 .
Suppose k = 1. In this case, from Lemma 4.6, β is a generator of Iw1 . In addition, we have known
that w−11 (α j) > 0 and w
−1
1 (αi + α j) < 0. There are four possible cases for w−11 (α j) > 0.
Case (a): w−11 (α j) = kδ + β1, where k 1 and β1 ∈ + .
In this case, w−11 (αi + α j) = (k − 1)δ + β + β1 > 0. Contradiction.
Case (b): w−11 (α j) = kδ − β1, where k 2 and β1 ∈ + .
Similar to case (a), w−11 (αi + α j) = (k − 1)δ + β − β1 > 0. Contradiction.
Case (c): w−11 (α j) = δ − β1, where β1 ∈ + .
In this case, w−11 (αi + α j) = β − β1 ∈ − . Suppose that β − β1 = −γ , where γ lies in + . Then
β1 = β + γ , which implies that β1 also lies in ideal Iw1 since β is a generator of Iw1 . This contradicts
the fact that w1(δ − β1) = α j , which is positive.
Case (d): w−11 (α j) = β1, where β1 ∈ + .
This is the only possible form for w−11 (α j). In this case, β1 is a simple root of + . Indeed, if
β1 is not simple, say β1 = γ1 + γ2, where γ1 and γ2 are two positive roots in + , then w1(β1) =
w1(γ1) + w2(γ2), where w1(γ1) and w2(γ2) are two positive roots in ̂+ . This contradicts the fact
that α j = w1(β1) is a simple aﬃne root. From Lemma 4.8, l(β1) normalize the ideal Iw1 . Also β is a
generator of Iw1 and (β,β1) = (αi,α j) < 0. Since N(w1) is equal to N(siw1) ∪ (δ − β), β appears in
the ﬁrst layer ideal of w1, but not the ﬁrst layer ideal of siw2. By the deﬁnition of left equivalence of
ideals, Iw ≈ Isi w . 
Next we will discuss the application of equivalence relations to the study of nilpotent orbits and
the cell structures. In the rest of this section, Ŵ denotes the aﬃne Weyl group of type A˜n−1.
Let P (n) be the set of partitions of n. There exists a map φ : Ŵ → P (n) based on the combinatorial
description of Ŵ .
It was proved by Lusztig in [10] and Shi in [13] that the two-sided cells of Ŵ is parameterized
by P (n) and these two-sided cells coincide with ﬁbers of φ. In particular, to describe the ﬁber of the
map, Shi [13] constructed a map from sign types to the set of partitions Φ : S → P (n) such that the






When g = sl(n), the set of nilpotent orbits of g is parameterized by P (n) (see [2]) and the moment




Recall that the diagram 1.4.1 shows the commutative relation between Ŵdom , Ad and Sdom . One
would expect some relation between the map Φ|Sdom and the map p.
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We have shown above that if two dominant elements in Ŵ are PL-equivalent, then their corre-
sponding ideals are left equivalent (see Deﬁnition 3.2) and also two left equivalent ideals would give
us two PL equivalent elements. It was proved in [13, Chap. 19] that two dominant sign types lie in
the same two-sided cell if and only if they lie in the left cell. Therefore, if we can prove that dominant
elements in the same left cell give rise to left equivalent ideals, then Proposition 3.1 is the necessary
condition to determine the two-sided cell structure of sign types. However, Shi deﬁned two opera-
tions for elements in the same left cell. The left star operation is related to PL-equivalence relation,
which we showed above that it does give two left equivalent ideals. The other one is called raising
layer operation, which we don’t know its relation with ad-nilpotent ideals.
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